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A CLOSED smooth manifold M supports a nonsingular (i.e. nowhere vanishing) vector field u if 
and only if the Euler characteristic 1 (M) is zero. If, however, M is a K5hler manifold and v is 
holomorphic then the nonsingularity of u imposes strong topological and analytical 
restrictions on M. Carrel1 and Lieberman have shown that the Hodge number h’*’ must be 
positive ([2], Theorem 2). We shall show that M fibers smoothly over a 2-torus (elliptic 
curve) and that further inequalities involving all the other Hodge numbers Pq must hold. We 
also show v has a cross-section. 
Our starting point is the following result of Carrel1 and Lieberman ([2]), p. 307). 
THEOREM. Let v be a holomorphic vectorfield on a compact connected Kiihler manifold M. 
Then v has a zero if and only if it annihilates every holomorphic l-form. 
We prove a complex analogue of a result of Tischler [4]. 
THEOREM 1. Let A4 be a compact Kiihler manifold and v a holomorphic vectorjield. Then 
either v has a zero or its real part v + V has a cross-section. 
In the latter case .M fibers smoothly over T * with fiber a complex manifold F. This 
fibration is transverse to the 2-dimensional foliation d spanned by the real vector fields u + V 
and i(v - V) (the real and imaginary parts of v). The monodromy of this foliated fibration is a 
holomorphic action of Z* on F. 
Proof. We may suppose M is connected and v is nonsingular. Let 7 be a holomorphic 
l-form with q(v) # 0. (The existence of such an 7 is the only place where the KShler 
hypothesis is needed for our argument.) As q(v) is a holomorphic function and M is compact 
and connected, q(u) is a nonzero constant. As q and v are holomorphic, ~(6) = 0. We may 
choose q so q(v) = 1. 
Let ol,. , wB, be closed l-forms that span H’(M; C) over C. Choose small aiE C, 
i=l , . . . 7 PI, so that the closed l-form 5 = q + ): aioi has its period subgroup I- in the dense 
subgroup Q + Qi c I). As I- is finitely generated one may choose a common denominator for 
the elements of r and so r is discrete. We choose a basepoint b E M and define the indefinite x 
integral X: M -+ C/T by X(X) = J <, where the integral is taken over any path from b to x. b 
We know that 5 (L’ + FJ is close to 4 (v + V) = 1 and that {(iv - ifi) is close to r] (iv - iv) = i at 
every point. This means that 71 is a submersion whose level sets are transverse to 9. As M is 
compact and 7c is open, we see that C/T is compact hence a 2-torus. Compactness also implies 
that x is a fibration. 
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A fiber F of R is transverse to 9 and so is locally isomorphic to the leaf space of the 
holomorphic foliation 9. This gives F a quotient complex structure that is clearly preserved 
by the monodromy. (F need not be holomorphically embedded as < need not be 
holomorphic.) 
Since the values of {(u + V) are clustered near 1, we can choose a linear map h: C + $8 with 
h (< (u + G)) > 0 everywhere. Perturbing h and resealing, we can arrange that h(T) c Z. Let i 
be the induced fibration K: C/T + W/Z. The composite 60 n: M + B/Z is a fibration of M 
over the circle with fibers transverse to u + V. Thus v + V has a cross-section. Q.E.D. 
One might say that the C-action generated by v has a “complex crosssection.” 
As shown in [3, p. 3631 the fibering of M over the circle implies that the Betti numbers b, 
of M, bi = dim, H’(M; C), satisfy inequalities 
bi-bi_,+ . . . +(-l)‘bo~O. (*) 
In particular bi > 0 and x(M) = 0. In the present setting we prove corresponding inequalities 
for the Hodge numbers hpVq = dim,Hq(RP,). 
THEOREM 2. If a compact Klihler manifold M has a nonsingular holomorphic vectorfield v 
then for all p, q 1 0 
hP.q_hP-l,q+ . . . + (- l)ph’*q 2 0. 
Note. (*) follows from Theorem 2 and the equations bi = c hP.i-P arising from the 
P 
Hodge decomposition of H*(M, C). 
Proof. We consider the complex of sheaves of holomorphic forms (n = dim,M) 
O-tR”,~R~‘-*...-,R~-,e,~~o 
where the differentials are given by contraction with u 
1,: RP + RP- 1, a + l”(a). 
Choose as before a holomorphic l-form q with r,(q) = 1. Then we have maps of sheaves 
fi: RP-’ + RP given by j(a) = r~ A a. Furthermore the contraction identity 
l,(tl * a) = r,(7) A a - ‘I A 44 
gives I” o /? + jl o I, = id. Applying the functor Hq to our complex of sheaves we find that the 
chain complex 
HP (1,) 
. . . + Hq(RP)- Hq(RP-I)+. . . . 
has a contracting chain homotopy Hq(fi) and so is exact. This implies that 
hp.4 - hP- ‘*q + . . . + ( - l)ph’*q = dim (ker Hq(Q: H’?(W) + Hq(W’- ‘)) 
1 0, as desired. Q.E.D. 
Perhaps the main interest of these inequalities is that when they fail for a given M, any 
nonsingular vector field on M has a zero. They include the inequality h’*’ > 0 of [Z] and the 
equalities x,(M) = 0 given by the holomorphic Lefschetz formula [l]. 
Remark. Let M be any compact complex manifold, Kahler or not, and form the sums 
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rc = c /I~.¶. Then 
q-p=c 
zc-a*c+1+~c+2- . . . 20 f**) 
for c > dim c Z where Z is the variety of zeroes of a holomorphic vector field u. One proves 
this by following the argument of Carrel1 and Lieberman to show that there is a spectral 
sequence with E yP.4 = Hq(M, W’) and with E,Y P*q=Oforrlargeandq-p>dim,Z.Sow 
let E: = @ E,-P*q and let a,(r) = dim, E:. Since E: is the cohomology of E:_,. the 
q-p=c 
algebraic lemma behind the Morse inequalities shows 
a,(r-l)-aa,+,(r-l)+z,+z(r-l)- . . . 2 czc(r)-a,,1(r)+zc+2(r)- . . (=+*) 
Applying (w*) for r = 2, 3, . . . gives (w). 
Of course if M is Klhler, (**) follows trivially from Theorem 2. 
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